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Abstract We estimate the Lieb-Robsinon velocity, also known as the group velocity, for a
system of harmonic oscillators and a variety of anharmonic perturbations with mainly short-
range interactions. Such bounds demonstrate a quasi-locality of the dynamics in the sense
that the support of the time evolution of a local observable remains essentially local. Our
anharmonic estimates are applicable to a special class of observables, the Weyl functions,
and the bounds which follow are not only independent of the volume but also the initial
condition.

Keywords Lieb-Robinson - Locality bounds - Classical dynamics - Anharmonic - Group
velocity

1 Introduction

A notion of locality is crucial in rigorously analyzing most physical systems. Typically, sets
of local observables are associated with bounded regions of space, and one is interested in
how these observables evolve dynamically with respect to the interactions governing the sys-
tem. In relativistic theories, the evolution of a local observable remains local, i.e. the support
of dynamically evolved local observables is restricted to a light cone. For non-relativistic
models, such as those we will be considering in the present work, the dynamics does not
preserve locality in the sense that, generically, an observable initially chosen localized to a
particular site is immediately evolved into an observable dependent on all sites of the system.

In 1972, Lieb and Robinson [8] explored a quasi-locality of the dynamics corresponding
to non-relativistic quantum spin systems. Roughly speaking, a quantum spin system is de-
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scribed by a self-adjoint Hamiltonian, which describes the interactions of the system, and
its associated Heisenberg dynamics, see e.g. [2] for more details. The estimates they proved
demonstrate that, up to exponentially small errors, the time evolution of a local observable
remains essentially supported in a ball of radius proportional to v|z| for some v > 0. This
quantity v, which we describe as a Lieb-Robinson velocity, defines a natural rate of prop-
agation, and it can be estimated in terms of the system’s free parameters, for example, the
interaction strength of the Hamiltonian.

The models analyzed in this paper will correspond to a classical system of oscillators
evolving according to a Hamiltonian dynamics. Hamiltonians of this type have frequently
appeared in the literature as their analysis provides an important means of studying the emer-
gence of non-equilibrium phenomena in macroscopic systems. For example, rigorous results
on the existence of the thermodynamic limit for these models date back to [9]. A notion of
quasi-locality, similar to the Lieb-Robinson bounds mentioned above, for these classical
oscillator systems was originally considered in 1978 by Marchioro et al. in [15]. More re-
cently, a nice generalization of the estimates found in [15], those pertaining to models with,
e.g. a quartic on-site term, appeared in [4]. Both of these results were obtained in the spirit
of deriving a classical analogue of the Lieb-Robinson bounds found in [8].

Over the past few years a number of important improvements on the original Lieb-
Robinson bounds have appeared in the literature [5, 6, 10-12], see [14] for the most cur-
rent review article. These new estimates have found a variety of intriguing applications
[3, 5,7, 13], but perhaps most interestingly for the present work, the results found in [11]
establish bounds which are applicable beyond the context of quantum spin systems. In [11],
the authors prove a version of the Lieb-Robinson bounds for quantum anharmonic lattice
systems. Motivated by [11], the main goal of this paper is to employ these new methods
to establish explicit bounds on the Lieb-Robinson velocity for a large class of anharmonic
lattice systems.

To express our results more precisely, we introduce the following notation. We will con-
sider systems confined to a large but finite subset A C Z"; here v > 1 is an integer. With each
site x € A, we will associate an oscillator with coordinate g, € R and momentum p, € R.
The state of the system in A will be described by a sequence x = {(¢y, px)}+ca, and phase
space, i.e. the set of all such sequences, will be denoted by X, .

A Hamiltonian, H, is a real-valued function on phase space. Typically the Hamiltonian
of interest generates a flow, @,, on phase space. Specifically, given H : X, — R one defines,
forany t € R, a function @, : X, — X, by setting @, (x) = {(gx(?), px(t))}1ca, the sequence
whose components satisfy Hamilton’s equations: for any x € A,

) OH
q: (1) = 3 (P (x)),
P 1.1)
. OH .
pe(t) = — 3 (P, (x)),
qx

with initial condition @ (x) = X.

To measure the effects of this Hamiltonian dynamics on the system, one introduces ob-
servables. An observable A is a complex-valued function of phase space. We will denote by
A, the space of all local observables in A, i.e. the set of all functions A : X4 — C. A given
Hamiltonian, H, generates a dynamics «, on the space of local observables in the sense that,
for any ¢ € R, the dynamics «; : A4 — A, is defined by setting o, (A) = Ao P,.

For the locality result we will present, the notion of support of a local observable is
important. Given A € A,, the support of A is defined to be the minimal set X C A for
which A depends only on those parameters g, or p, with x € X.
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In classical systems evolving with a Hamiltonian dynamics, quasi-locality can be ex-
pressed in terms of the Poisson bracket between local observables. Here the Poisson bracket
is the observable given by

{A,B}:Za— —————— , (12)

for sufficiently smooth observables A and B. Observe that for disjoint subsets X, ¥ C A and
observables A with support in X and B with support in Y, it is clear that {A, B} = 0. The
quasi-locality question of interest in this context is: given a Hamiltonian H, its correspond-
ing dynamics «;, and a pair of observables A and B with disjoint supports, does the quantity
{a;(A), B} satisfy an estimate, which decays in the distance between the supports of A and
B, for small times ¢? Note that {«,(A), B}|,_o = {A, B} = 0. We say that a Hamiltonian
H has a finite Lieb-Robinson velocity, if for some p > 0O there exists v > 0 for which an
estimate of the form

{a:(A), B} (x)| < Cem @& N=vith] (1.3)

holds for a class of local observables A and B and ¢ sufficiently small. Here d (X, Y) denotes
the distance between the supports of the local observables A and B. This bound demon-
strates that for times ¢ with |t| < d(X,Y)/v, the Poisson bracket remains exponentially
small. With H and p fixed, the infimum over all v > 0 for which (1.3) holds is the system’s
Lieb-Robinson velocity. The main goal of this paper is to provide estimates on this quantity
for a variety of models. In proving bounds of the form (1.3), special attention must be given
to the dependence of the numbers C and v on the observables A and B, the initial condition
X, and the free parameters in the Hamiltonian. Most crucially, these numbers must be inde-
pendent of the underlying volume A, so that they persist in the thermodynamic limit; once
the existence of such a limit has been established.

We begin our analysis by considering finite volume restrictions of the harmonic Hamil-
tonian, i.e. H : X, — R is given by

v
HA) =) pl+ i+ Y 2@ — qere,)s (1.4)
xeA j=1
where e;, for j =1, ..., v, are the canonical basis vectors in Z", and the parameters » > 0

and A; > O are the on-site and coupling strength, respectively. As is well-known, a variety
of explicit calculations may be performed for this harmonic Hamiltonian. Perhaps most
importantly, for any integer L > 1 and each subset A, = (—L, L]" C Z", the flow ®/"*
corresponding to HhA L may be explicitly computed, see Sect. 2.1 for details. Once the flow
is known, a locality estimate easily follows for a specific set of observables.

We will equip the set of local observables A4, with the sup-norm, and we will say that
A € Ay, is bounded if

[Allc = sup |AX)] (15)

XEXAL

is finite. Furthermore, we will denote by A(/i; the set of all A € A4, for which: given any
A aA
X € AL, e € AAL’ P (S AAL’ and

|0A]lc = sup max (H

xeAL

) < 00. (1.6)

99 || H dpx
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‘We can now state our first result.

Theorem 1 Let X and Y be finite subsets of 7" and take L to be the smallest integer such
that X,Y C Ay,. For any L > Ly, denote by a,h’L the dynamics corresponding to HhAL. For

any v > 0 and any observables A, B € A(jzo with support of A in X and support of Bin Y,
there exist positive numbers C and vy, both independent of L, such that the bound

I{e (A, B} < ClIa Al 18 Blloo min(X [, ¥ e~ dX-D7emlD (1.7)

I

holds for all t € R.

Some additional comments are in order. First, the quantity d(X, Y) appearing above de-
notes the distance between the sets X and Y, measured in the L'-sense, and forany Z C A,
the number |Z| is the cardinality of Z. Next, the fact that the bound (1.7) is true for any
> 0 implies that the Poisson bracket above has arbitrarily fast exponential decay in space.
To achieve faster decay in space, however, the number C and the harmonic Lieb-Robinson
velocity vy, increase. We describe our optimal bound on the harmonic velocity v, (u) in
Sect. 2.2. Lastly, it is important to note that the quantities C and v, are not only independent
of the length scale L, they are also independent of the initial condition x € X, .

An analogue of Theorem 1 appears already in [15]. In fact, for a specific one-dimensional
system it is shown in [15] that an estimate of the form (1.7) follows from known results for
Bessel functions; see also comments prior to Theorem 3 in Sect. 2.2. For our more general
harmonic interactions in multi-dimensions, a similar analysis applies. This is the content of
Sect. 2. Moreover, to prepare for our perturbative analysis in Sects. 3 and 4, we also provide
explicit estimates on the harmonic Lieb-Robinson velocity, vy, in terms of the system’s free
parameters w > 0 and A; > 0; see (2.30) and the comments following.

Our next result, Theorem 2 below, concerns on-site perturbations of the harmonic Hamil-
tonian. To state this precisely, fix a function V : R — R. For any site z € Z" define
V. : X4, — R by setting V,(x) = V(q,). We consider finite volume anharmonic Hamil-
tonians H4L : X4, — R of the form

H =H" + 3 V.. (1.8)

ZEAL

In order to prove Theorem 2, we need the following assumptions on V: V € C%(R), V' €
L'R), V" € L*(R), and

Ky :/Irl |‘7/(r)|dr < Q.

Here V' is the Fourier transform of V’. Under these assumptions, we prove a locality result
analogous to Theorem 1. A specific class of observables, the Weyl functions, are particularly
well-suited for our considerations, see Sect. 2.3 and Sect. 4. They are defined as follows.
For any function f : A, — C, the Weyl function generated by f, denoted by W(f), is the
observable W(f): X4, — C given by

[W(HI®) =exp|i Y Relf(x)lgs +Imlf(x)]p, | (1.9)

xXeAL

Clearly, if f is supported in X C A, then W(f) is supported in X as well. Moreover, it is
easy to see that for any function f: A; — C, |[W(f)| oo = 1. Our next result is
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Theorem 2 Let V : R — R satisfy V € C*2(R), V' € L'(R), V" € L*(R), and kv, as de-
fined above, is finite. Take X and Y to be finite subsets of 7' and let L be the smallest
integer such that X,Y C Ay,. For any L > Ly, denote by al the dynamics corresponding
to HL. For any j > 0 and any functions f, g : Ay — Cwith support of f in X and sup-
port of g in Y, there exist a positive numbers C and v,;,, both independent of L, such that
the bound

[{eE W), W@}, < Cllfllscliglloe min(| X |, [¥[)e @1 =vanltD (1.10)

holds for all t € R.

Through our method of proof, we are able to estimate the anharmonic Lieb-Robinson
velocity, v,;,, appearing in the statement of Theorem 2 above. In fact, for any p > 0 and
each € > 0,

€ CI(V
Uah(/L)§<l+;> vh(/t-l-é)-i-T, (1.11)

and hence the anharmonic velocity can be bounded by an explicit perturbation of the har-
monic velocity. For more details, see Sect. 3.

Let us briefly compare Theorem 2 with the results of [15] and [4]. In [15], two distinct
anharmonic models are considered. The first is a multi-dimensional rotator model with a
compact configuration space. For such a system, the existence of a finite Lieb-Robinson
velocity is established, yet no explicit estimates are provided. Next, the authors consider
a model with a quartic on-site term, i.e. they take V,(x) = q? as above. Beginning in [15]
and later improved in [4], an important quasi-locality result is proven. More specifically,
it is demonstrated that for almost every initial condition, measured with respect to a state
satisfying a super-stability estimate, the relevant Poisson bracket is exponentially small in
time whenever the distance between the supports of the local observables grows faster than
tlog®(¢) for suitable & > 0. Our methods do not apply to such a strong perturbation, how-
ever, the established result is insufficient to conclude the existence of a finite Lieb-Robinson
velocity.

Using distinct perturbative methods, our results provide explicit estimates on the Lieb-
Robinson velocity for a large class of anharmonicities. We do not assume compactness of
configuration space nor do we make reference to a state satisfying a super-stability estimate.
As we prove in Sect. 4, our methods also apply to multi-site perturbations with sufficiently
fast decay.

The paper is organized as follows. In Sect. 2, we discuss our results concerning the Har-
monic Hamiltonian and prove Theorem 1. Using an interpolation argument, we prove The-
orem 2 in Sect. 3. This result demonstrates that the anharmonic velocity can be estimated
in terms of the harmonic velocity and an additive shift which is quantifiable in terms of the
perturbation. In Sect. 4, we generalize Theorem 2 to cover a wide class of multi-site pertur-
bations. Finally, Sect. 5 contains a variety of useful solution estimates used throughout the
paper. These well-known results we include for the sake of completeness.

2 The Harmonic Hamiltonian

The main goal of this section is to prove Theorem 1. For the convenience of the reader,
we begin with a subsection describing some basic features of the harmonic Hamiltonian.

@ Springer



84 H. Raz, R. Sims

In particular, we reintroduce the Hamiltonian and find an explicit expression for the corre-
sponding flow. In the subsections which follow, we prove two locality estimates, both with
finite group velocities. The first is valid for a general class of smooth and bounded observ-
ables. The next holds for a special class of observables, the Weyl functions. This latter result
will be particularly useful in subsequent sections.

2.1 Some Basics

For any integer L > 1, we consider subsets A; = (—L, L]” C Z" and the finite volume
harmonic Hamiltonian HhA L:X,, — R given by

H' ()= pl+’qi+ ) hi(q — Guie;)™- 2.1)
xXeAL j=I
Here, for each j =1, ..., v, the e; are the canonical basis vectors in Z", w > 0, and A; > 0.

The model in (2.1) is defined with periodic boundary conditions, in the sense that .., =
qx—QL-1)e; if x € Ag but x + e ¢ AL

Our first task is to provide an explicit expression for the flow corresponding to (2.1).
In doing so, we will fix an integer value of L > 1 and drop its dependence in a variety
of quantities to ease notation. Given any x € X4, and t € R, the components of @f’ x) =
{(g<(®), px(t))}rea, satisfy the following coupled system of differential equations: for each
x€ Ay, andt € R,

q.x([) = sz(t)a
v 2.2)
Pa() = = 207G (1) =2 " Aj (245 (1) = Guge; (1) — Gr—e; (1))

j=1

with initial condition {(g,(0), px(0))}sea, = X. Introducing Fourier variables, the system
defined by (2.2) decouples which leads to an exact solution. This is the content of Lemma 1
found below.

Before stating Lemma 1, it is useful to introduce some additional notation. Fourier sums
will be defined via the set A} given by

A* [m eA}
=1— :x )
L L L

Note that A} C (—m, w]" and |A]| = |AL] = (2L)". The following functions play an im-
portant role in our calculations. Suppose @ > 0 and take y : A7 — R to be given by

yh)= |0 +4) A;sin’(k;/2), (2.3)

j=1
and for each m € {—1,0, 1} and any ¢ € R, set hfm) :A; > Rtobe

1 ei(k-x72y(k)t)

AV () =Im| —
Al Sy

’
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1 .
h(o) (_x) = Re et(kdcny(k)l) i (24)
t [ALl kij*
L €AT
@) =T > ylky et
ALl &
L €AT

Each of these functions depend on the length scale L, however, we are suppressing that
dependence.

Lemma 1 Suppose w > 0. For any x € X4, and t € R, the mapping CD[" 1 X, = Xy,
is well-defined. In particular, for each x € Ay and t € R, the components of CDth x) =
{(qe (1), px(1))},ca, are given by

a0 =Y ¢, h” (x —y) = pyO) " (x — y) 2.5)
YEAL
and
P =Y g0 b (x = y) + py(O) b (x — y). (2.6)
YEAL

Here, if necessary, the function values h;m) (x — y) are defined by periodic extension, and we
regard X = {(gx(0), px(0))}rea, -

Proof Taking a second derivative of (2.2), we find that for each x € A, and any ¢ € R,

Ge(t) = —40°q (1) =4 1; (20:() = Guye, (1) = Ge—e; (1)),
j=1

) 2.7
Pr(t) = — 407 pe(t) =4 0 (2p(t) = prie; (1) = e (1))
j=I1
Forany k € A} and t € R, set
1 —ik-x 1 —ik-x
1) = c( d P(t) = —— (). 28
0(1) mZe q:(t) and  Pi(r) mZe pe®) (2.8)

xeAL xeAp

Inserting (2.7) into the second derivative of (2.8), we find an equivalent system of uncoupled
differential equations. In fact, for each k € A7 and any r € R,

0ut) = —40° Q) — 431, (2 — € — &) Q1) = —4y (1) Qi (1),
= (2.9)

Pi(t) = — 40’ P (1) — 4ZAj (2—e™ —e ™M) Pu(t) = —4y () Pe(1),
j=1
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where y is as in (2.3). The solution of (2.9) is given by

Qk(t) — Cke—2ij/(k)t +C—7]<62iy(k)z7
2.10
Pk(t) — Dke—ziy(k)t 4 D—_kezi)/(k)t’ ( )

where —k is defined to be the element of A} whose components are given by

(—k); = —k;, if |kj| <m,
I 7, otherwise.

The relationship between the coefficients in (2.10) above is derived using the fact that the
initial condition is real-valued, e.g.,

0(0)=0_4(0) and 0x(0) = 0_4(0).

Using Fourier inversion, we recover the components of the flow from (2.10). In fact,

_# ik-x
%(t)—mZe (1)

keA}
1 . .
— |A | Z Ckez(k-x—Zy(k)t) + Cke—z(k-x—z;/(k)r), (211)
V1AL
keA}
and similarly, we find that
1 . .
pa(t) = ﬁ Z Dyl kx=2r 00 | P p=itex=2y®n) 2.12)
L keA}

To express these solutions explicitly in terms of the initial condition, we observe that

0:(0)=C+C_; and Pi(0)= Dy + Dy, (2.13)

and introduce

I B (700) . ®
By = \/WPk(O) W3 0 (0) with By = WP—k(0)+l > 0 (0).
(2.14)
It is easy to see that
04 (0) = i (B —B_x) and Py(0)= v (Bc + B_y) (2.15)
2y (k) - 2 ’
and therefore,
__iB _[r®

Ck = \/W and Dk = ) Bk. (216)
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Plugging this into (2.11), we find that

Z i By ol kx=2y®)n) _ i By o iex=2y (1)

@0= «/—|AL & Vr® V2 ®

Z Q (O)el(kx 2y(k)t)+ Q (0)6’71(1()( 2y (k)t)

2y |AL ket
+ i P (0) ol kx=2y(®)n) _ P (0) o ex=2y (k1)
2V = v y &)
L
1 . 1 Pe0) nrra
e — Re Qk(o)et(kx 2y _ ImI:_ez( x—2y (k)t) )
AL X:* [ ] 1AL 2 y (k)
keAL keA
2.17)
Moreover, one finds that
Re Qk(o)ei(k'x—Zy(k)t) q (O) Re i(k-(x—y)=2y (k)t) (2.18)
: = o T a0l ]
while
PO ik —2y<km} [ (k- (=) ~2y ()1)
—e'" py(0) Im eIy . (2.19)
[ y (O 7 zn ®°
With the functions 4™, as defined in (2.4), we conclude that
20 =Y ¢, Ok (x —y) = py O (x — y), (2.20)

YEAL

as claimed in (2.5). A similar calculation yields (2.6). Since the functions h,("’) are real
valued, so too are the solutions ¢, (¢) and p,(¢). This proves Lemma 1. O

Remark 1 An analogue of (2.5) and (2.6) holds in the event that w = 0. This is seen by
proceeding as in the proof of Lemma 1 and observing that now y (0) = 0, but y (k) # 0 for
k # 0. For k # 0, the formulas above are correct, and a simple calculation shows that, in this
case,

Qo(1) = Q0(0) + 2Py (0)z,
Po(1) = Py(0),

221

similar to (2.10). One easily sees that (2.5) and (2.6) still hold with the convention that

-1 2t 1 ol Uex=2y (1)
() =———+1Im| — — . (2.22)

Arl Al 4=, v ®)
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We end this subsection with the following crucial estimate which was proven in [11].

Lemma 2 Fix L > 1 and consider the functions h,(m) as defined in (2.4) for m € {—1,0, 1}.
For any u > 0, the bounds

h§0>(x)‘ < o Hlll=co max(F 02T

2 (/241
2 el D

(2.23)

hﬁ"’(x)‘ < c;.I)Le—M(IXI—Cw_xmaX(

LD+ )y

_ e max( 2
h,(l)(x)‘ < @2 IrI= o  max(

hold for all t € R and x € Ay. Here |x| = Z;:] |x;| and one may take c,; = (w* +
4Z;=1Aj)1/2.

We refer the interested reader to Lemma 3.7 of [11] for the proof. Moreover, we stress
that Lemma 2 is valid for all w > 0.

2.2 A General Locality Estimate

Our first locality bound for the harmonic Hamiltonian follows directly from Lemmas 1
and 2. We state this as Theorem 3. In fact, it was observed in [15] that, in general, the Pois-
son brackets used to describe locality of the dynamics can be bounded by partial derivatives
of the corresponding solutions of Hamilton’s equations with respect to the initial conditions.
Theorem 3 below follows from this observation, the explicit form of the harmonic solutions
we demonstrated in Lemma 1, and the estimates we proved in Lemma 2. As we will see,
Theorem 1 is an immediate consequence of Theorem 3. Recall that we have defined A(Alz to

be the set of observables A € A, for which: givenany x € A, % €Ax,, % € Ay, and

dA
|0A]lo = sup max
xXeAL aqx

H A
oo’ apx

) < 00. (2.24)

Theorem 3 Let X and Y be finite subsets of 7.° and take L to be the smallest integer such

that X,Y C Ay,. Forany L > Ly, let (x,h’L denote the dynamics corresponding to HhAL. For

1)
A

any i > 0 and any observables A, B € A Lo with support of A in X and supportof BinY,

the bound

et (A). B} |, < ClaAN3Blloc Y e @ meoamnGue@hih 3 55)

xeX,yeY

holds for all t € R. Here
d(x,y)= E in|x; —y; +2Ln; 2.26
(x, ) o rr]ilén |x; J 1;l ( )

is the distance on the torus and the constants may be taken as C = (2 + ¢, e"? + c;lk)
with ¢, 5 = (w? —i—4Z‘]’.=1 A2
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Estimating the Lieb-Robinson Velocity for Classical Anharmonic 89

Proof The Poisson bracket is easy to calculate. In fact, for any x € X, ,

9 A(DM" X)) - a—B(x). (2.27)

3 IB
o A), B}] 0 =) oA (@1 (x)) - a(x) -

yey 1Y 3py aqy
By the chain rule,
0 0A 0q. 0A opy
% A (ML — dhL . t oL P (4 2.28
g A @) =2 g (90 ) g0+ S (90 W) 5 (228)

xeX

and a similar formula holds for aﬁ—vA(q)th L (x)). Now estimating (2.27), we find that

[{ei= (A). BY| . < 19AlI0Blloc Y

xeX,yeY

WG = )| +2 |0 = )|

+

i (x — y)’ : (2.29)
using Lemma 1. The bound in (2.25) now follows from Lemma 2. O

From Theorem 3, and specifically the bound (2.25), we see that for any p© > 0, the har-
monic velocity vy, is essentially described by

2
vy (1) = €, 5 MaAxX (—, eW)*‘) ) (2.30)
n

In fact, given (2.25) for some p > 0, it is easy to see that for any 0 <€ < 1,

Z e MY < p=erdY) min (1X |, 1Y D Z e (1-0d0.0) (2.31)
xeX,yeY zeAL

where we have set d(X, Y) = min,cx yey d(x, y). Thus, Theorem I is a simple consequence
of Theorem 3. It is interesting to note that for any L the quantity

Z o~ (1-6)d(0.2) < Z e—u(l—e)\z\, (2.32)

ZEAL Z€ZY

where |z| denotes the L!-metric on Z". Given this and the fact that, for sufficiently large
L, the distance d(X, Y) agrees with the L'-distance between X and Y, it is clear that the
estimate proven in Theorem 1 is genuinely independent of the length scale L.

Since the bounds are valid for any p > 0, Theorem 3 demonstrates arbitrarily fast expo-
nential decay in space with a velocity that depends on . Typically, however, one is inter-
ested in the best possible estimates on v, given some decay rate. In this sense, the optimal
harmonic velocity, as described by (2.30), occurs when the equation

% — pu/)+1 (2.33)

holds. It is easy to see that the solution to (2.33), denoted by w0, satisfies 1/2 < po < 1, and
therefore the corresponding velocity vy, (it) < 4cy.».-
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2.3 The Harmonic Evolution of Weyl Functions

In preparation for our arguments in Sects. 3 and 4, we will now present a different proof
of our locality result, analogous to Theorem 3, valid for Weyl functions. Recall that a Weyl
function is an observable, generated by a function f : A; — C, with the form

(W(HIx) =exp | i Z Re[ f(x)1g, +Im[f(x)]Ipsx | - (2.34)
xXeAp

One important property of the Weyl functions is typically referred to as the Weyl relation.
We state this as Proposition 4.

Proposition 4 (Weyl Relation) Let f, g : Ay — C. We have that

{(W(f), W(g)} =—Im[{f, )IW(/IW(g), (2.35)

where the inner product is taken in £>(Ap).

Proof A direct calculation yields

9
0g;x

W, W= W(g)

XEAL

= Z (—=Re[ f(x)]Im[g(x)] + Im[ f (x)]Re[g(x)DW (fIW(g).

xeAL

a a a
W) aw(g) - EW(f) o0

Noting that

Im[(f, g)] = Im[ > Wgoc)]

XeA]

= Y (—Im[f(x)]Re[g(x)] + Re[ f (x)] Tm[g(x)])

xXeAL

proves the proposition. ]

Another useful property of the Weyl functions is that the harmonic dynamics leaves
this class of observables invariant. This important fact, which follows immediately from
Lemma 1, is the content of the next proposition. Before stating this, it is convenient to intro-
duce notation for the convolution of two functions f, g: A; — C,

(@)=Y f(elx—y), (2.36)

YEAL

where, if necessary, g(x — y) is calculated by periodic extension.
Proposition 5 Let f: A; — C and take t € R.

LW () =W(f), (2.37)
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where

i — (i _
fi=fx (h,“” + E(h,( b +h§”)> +f* (E(hﬁl) — ht “)) (2.38)
with h,(fl), h;o), and hfl) asin (2.4).
Proof For any point x € X, , we have that

[a/ 2 (W (] x)

=exp [i Y Re[f(x)lg.(t) + Im[f(x)]ps (1)

xXeAp

=exp|i D Re[f()] Y q,0)h” (x —y) = py(0) A (x — )

xXeAp yeAL

xexp [ i Y ImLf0)] Y gy (O k" (x = y) + py(O) b (x — )

xeAp yEAL

=exp|i Y qy(0) Y Re[f()1h”(x — y) +Im[f ()] A" (x — y)

yeAL xeAL

xcexp i Y py(0) Y Im[f (1A (x — y) — Re[ £ (0)1h™" (x — y)

yeAL xeAL
=[WH] . (2.39)
where we have defined the function f; : A; — C by (2.38). 0

It is obvious that Theorem 6 below follows immediately from Theorem 3, since the Weyl
functions are clearly in A(/ii We will here give a different, but equally short, proof which
uses the specific properties of Weyl functions.

Theorem 6 Let X and Y be finite subsets of 7" and take Ly to be the smallest integer such
that X,Y C Ay,. Forany > 0, L > Lo, and any functions f, g : Ay, — C with support of
f in X and support of g in Y, the bound

” {Ol[h’L(W(f)), W(g)} ”00 <Cllfllocllgllso Z e—/l(d(x,y)—cw,)\ max(%,e(u/2)+l)|t\) (2.40)

xeX,yeY

holds for all t € R. Here, as in (2.26), d(x, y) is the distance on the torus and the constants
may be taken as C = (1 + C(Me"/2 + c;ylk) with ¢, ; = (0* + 42‘;:1 Aj)]/z.

Proof Combining Propositions 5 and 4, it is clear that

{a"EW (N, W) ={W(), W@} =—Im[(f,, )] W(fOW(g). (2.41)
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In this case, the bound

e w . wll, < [ )], (242)
readily follows. Appealing again to Proposition 5, we have that for any y € A,
i i
f) = ;foc) (hi‘”(x =0 ==y = o - y))
— i
+) F&) <§h§"<x - = gh - y)) : (2.43)
xeX
and therefore,
1(fi ) =Y (e
yeY
<flloligloe D G = DI+ @ =+ 1= ). (2.44)
xeX,yeY
Theorem 6 now follows from Lemma 2. ]

We end this section with a corollary of Theorem 6 that will be particularly useful in
the next sections. The locality bound we prove for the anharmonic dynamics is derived
by iterating a certain inequality involving the harmonic estimate. With this in mind, it is
useful to introduce the following family of decaying functions. For any p > 0, consider
F,, :10, 00) — (0, c0) defined by

e i

F(r)= W

(2.45)
Clearly, these function F, also depend on the quantity v > 1, which is the dimension of
the underlying lattice in our models, but we will suppress that dependence in our notation.
Unlike the bare exponential e~*", these functions have the following nice property. There
exists a number C, > 0 for which, given any pair of sites x, y € Z”,

D Fullx — 2D Fu(lz = yI) < CoFy(lx — y. (2.46)
zeZY
Here one may take
1
c,=2"" _— 2.47
ZZ (I + [y @47

Functions of this type were introduced in [10], see also [11], as an aide in proving Lieb-
Robinson bounds. We will use them here as well.

We can rewrite the decay expressed in our harmonic estimates, i.e. (2.25), in terms of
these functions F,.

Corollary 1 Let X and Y be finite subsets of Z' and take L to be the smallest integer such
that X,Y C Ay,. For any p >0, € >0, L > Ly, and any functions f, g : Ay, — C with
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support of f in X and support of g in Y, the bound

el 5 W (), W) < C 1 fllso lIglloo 01 S™ Fid(x,y)),  (248)

xeX,yeY

holds for all t € R. Here

C=(+core" T +c5) sup[(1+9)"e™] (2.49)

5>0

and vy, is as defined in (2.30).

3 On-Site Anharmonicities

In this section, we will prove a locality result, analogous to Theorem 6, for a specific class
of perturbations of the harmonic Hamiltonian. A much more general result, which follows
from the same basic arguments, is presented in the next section. We begin with a precise
statement of the models we consider, and then prove the result.

To make our basic technique more transparent, we will only consider on-site potentials
that are generated by a particular function V in this section, see Sect. 4 for a more general
result. Let V : R — R satisty V e C*(R), V' € L'(R), V" € L*(R), and suppose further
that the quantity

< =/R'" V)l dr 3.1)

is finite. Here V” is the Fourier transform of V’. Given such a function V and an integer
L > 1, we define an anharmonic Hamiltonian HAL : X, . — R by setting

H = H'" + 3" V., (3.2)

zeAL

where for each z € Ay, the function V, : X4, — Ris given by V.(x) =V (q,).
As is discussed at the end of Sect. 2.3, we will state our result in terms of the functions
F, : [0, 00) = (0, 00) given by

e ™

T+ oy

F m (r ) =
with v > 0 corresponding to the dimension of the underlying lattice Z". The goal of this
section is to prove the following result.

Theorem 7 Suppose V : R — R satisfies V € C*(R), V' € L'(R), V" € L*(R), and kv,
as in (3.1) above, is finite. Let X and Y be finite subsets of Z' and take L to be the small-
est integer such that X,Y C Ay,. For any L > Ly and t € R, let a,L denote the dynamics
corresponding to HL. Then, for any . > 0, € > 0, and any functions f, g : Ap, — Cwith
support of f in X and support of g in Y, the bound

ek W W} <Cliflscligleoe™ > Fu@ex.y) (3.4)

xeX,yeY
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holds for all t € R. Here one may take

c=q "‘Cw,kew +c;_lk) sup [(1 +s)"+1e_“] (3.5)
5>0
and
d=06(u,e) = +euv,(u+¢€)+CCpky (3.6)

where vy, is as in (2.30), C, is in (2.47), and ky is in (3.1).

Before we prove Theorem 7, we comment on the corresponding anharmonic velocity.
With arguments similar to those given after the proof of Theorem 3, it is clear that Theorem 7
implies Theorem 2. In this case, we find that an upper bound on the anharmonic velocity for
this model is

€ CCVKV
Van(p, €) = | 1+ — Jup(u +€) + ——. 3.7
w w

We now present the proof.

Proof of Theorem 7 Our proof of this estimate is perturbative, and we begin by interpolating
between the harmonic and anharmonic dynamics. Fix L > Ly as in the statement of the
theorem. Since we will regard both the harmonic and anharmonic dynamics on the same
volume Aj, we drop the dependence of each on L. Observe that for any ¢ > 0,

"d
(o (W), W@} = {a (W (), W(g)} :/o 75 {as (@, (W (), W(g)} ds. (3.8)

Moreover, a direct calculation shows that

o ({al- (W (). HY) = a (@l AW (F). Hi))
o ({o,(W(f)), H — Hy})

o ({of (W (). V2}). (3.9)

d
T (@, (W)

z€AL

The Poisson bracket on the right-hand side of (3.9) can be simplified

{ad (W), Vo) =W (fi), Viy = =i Im [ fis ()] W(fie) VL. (3.10)

For the first equality above we used Proposition 5, and we have denoted by V., the function
V! : Xs, = Rwith V/(x) =V'(q.).

These calculations lead to a particularly simple differential equation and thus, eventu-
ally, the bound (3.17) appearing below. In fact, for ¢+ > 0 fixed and 0 < s < ¢, define the
function

W, (s) = {as (o (W (1)), W(g)}. (G.1D
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‘We have shown that

d
) = e (fo, (), V), wig)}

€A

=iL(5)¥(s) + Qi (s), 3.12)

where

Lis)= =Y Im[fi )] (V)),

zeAL

Q)= —i Y Im[fis(@]es (e (W) e (V). W()}.

zeA]

(3.13)

and the final equality in (3.12) follows from an application of the Leibnitz rule for Poisson
brackets. Since for each fixed s, £,(s) is a real-valued function of phase space, the solu-
tion U, of

j—sUt(s) =—iL,(s)U;(s) with U;(0) =1, (3.14)
is a complex exponential. In addition, it is easy to see that
d
7; W ©Ui()) = Qi ($)Ui(s), (3.15)
and therefore,
(U (t) =¥ (0) + /: Q:(s)U;(s) ds, (3.16)

from which

et (W (), W@ oo < [{ed! W), W}

+3 /0 [ i, @]| [{ee (V). W} ds.  (G.17)

ZEA]L
readily follows.

Now, if V] was a Weyl function, then we could immediately iterate the inequality in
(3.17) and derive a bound. This is not the case, however, our assumptions on V allow us to
write V! as an average of Weyl functions through its Fourier representation. In fact, we write
the Fourier transform of V' as

1 .
Vi) = —/e_"” V'(g)dq, (3.18)
2 R
and by inversion, one has that
V() = f eV (r) dr. (3.19)
R

This implies that, as a function of phase space, V can be expressed as

= / W(rs,)V'(r)dr (3.20)
R
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where 18, : A; — R is the function that has value r at z and 0 otherwise. Inserting (3.20)
into (3.17), we have that

[{et: (W (), W)} oo
< H{ar Wi, w
+ 2/ Im[fi—(2) |/|V(r> ey (W(rs.)), W)} | drds.  (3.21)
zeA]

At this stage, we can finally iterate the inequality. First, however, we insert the harmonic
bound found in Corollary 1.

Recall that for any > 0 and € > 0 we have established (2.48) with a constant C as
in (3.5). With equation (2.43), it is easy to see that, for any u > 0 and € > 0

Il £, @)]] < C | fllso €+ 3 F d(x, 2)), (3.22)

xeX

also holds for any z € A, and r € R. To ease the notation a bit, we will denote by v =
(u 4 €)vy (e + €). Using these bounds, the inequality in (3.21) now takes the form

et (W (1)), W oo
<Cllfloliglooe™ Y Fuld(x,y)

xeX,yeY

FClfle Y Y Fus, z))/ 0 [P0 e W) W) | dr ds.

xeX zeA
(3.23)
Upon iterating (3.23) m > 1 times, we find that
Hete (W), Wl < C Ul flloo lIgllooe™ Y D an(x,y:) + Ruia (1), (3.24)
xeX,yeY n=0

where

ag(x,y;t) = F,(d(x,y)), (3.25)

a(x, y,r)—Cr/m V()| dr " F (d(x,2) Fu (d(z. y))

zeAL

<CkyC,tF,(d(x,y)), (3.26)

and in general,

C n
a (x, y,z>—( 2 ( /|rk||v'<rk)|drk) > Fuz)) Fu @ )

21,0 Zn€AL
S ey, (327)

for any 1 <n <m. In (3.26) and (3.27), we have used (2.46) several times.
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From Lemma 6, found in Sect. 5, it is easy to see that the apriori estimate
H{ots (W (r82)), W)}l < CrIY[17] l1glloo exp (C2 %) (3.28)

holds for all 0 < s <¢. Thus, for ¢ > 0 fixed, the remainder term R,,;(¢) converges to zero
as m — oo. In fact,

b14+Cat? (Cry Cut)"*!

Rii1 (1) = CrIX[IY 1 f llocllgllooe D)

(3.29)

We have proven that

et WD W@ lao < C 1 flloo 18lloc eV EN 3 Fu@x,y)).  (3.30)

xeX,yeY

i.e. (3.4) as claimed. O

4 Multiple Site Anharmonicities

In this section, we will generalize Theorem 7 in such a way that it covers perturbations
involving long range interactions. As in the previous sections, we will be fixing some integer
L > 1 and considering only finite volumes A; C Z".

We will introduce these perturbations quite generally and then discuss the assumptions
necessary to prove our locality result. To each subset Z C A, we will assign a function
V(-; Z) : R* — R and a corresponding function of phase space V7 : X4, — R defined by
setting

Vz(x) =V ({g:}:ez: Z) . 4.1

Here {g.}.cz is regarded as a vector in RZ and the number V ({g.}.cz; Z) is calculated by
evaluating V(-; Z) with g, as the value in the z-th component for each z € Z. With this
understanding, we will use the notation

a
BZVZ:a—VZ:E)ZV(-;Z), 4.2)
q:

to denote the partial derivatives of V.
In general, the finite volume anharmonic Hamiltonians we consider are of the form H4~ :
Xp L R with

HA = H'" + )" Vg, (4.3)

ZCAL

where the sum above is over all subsets of A;. As we saw in Sect. 3, in order to prove
our locality result, we need some assumptions on the functions Vz. We will now list these
explicitly below.

First, we use Lemma 4, proven in Sect. 5, to provide explicit bounds on the components
of the flow which, in particular, prevent the solutions from blowing-up in finite time. For
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these estimates, we assume the perturbation above satisfies:

(i) Foreach Z C Ay, the function V; has well-defined first order partial derivatives.
(ii) There exist numbers C; > 0, C; > 0, and p; > 0 such that for each x € A, and any
X € Xy Iz

2

DoVl | <€ Y (g + CFy, (dix, y)). (4.4)

zZcay yeAL
The decaying functions F), are as defined at the end of Sect. 2.3.

Next, much like in the proof of Theorem 7, we will need an apriori estimate on the Pois-
son bracket of specific, dynamically evolved observables. This is the content of Lemma 6
found in the next section. To prove it we use Lemma 5, and therefore, we must assume

(iii) For each Z C Ay, the function V; has well-defined second order partial derivatives.
(iv) There exist numbers C, > 0 and u, > 0 for which: given any pair x, y € A, the bound

> [0, V2] (0] < CrFy, (d(x, y)) . (4.5)

ZCAp

holds for all points x € Xy, .

Lastly, we need the quantities that arise in our iteration scheme to be well-defined. For
this we assume

(v) For each Z C Ay, the first order partial derivatives of V; are integrable. By this we
mean that given Z C A; and z € Z, the function 3.V (-; Z) is in L' (R?) with respect
to Lebesgue measure. In this case, the Fourier transform of these functions exists, and
we will write

1

E’/zv(ﬁz):W

/ e,V (g; Z)dq, (4.6)
RZ

for any r € RZ.
(vi) Foreach Z C A, we assume that the Fourier inversion formula holds for all first order
partial derivatives of V. Thus, for any ¢g € RZ,

3.V(g: Z) = / eV (r; Z)dr, 4.7
RZ

and therefore, we will write
[8:Vz] (%) = f WG 521 (0 8.V (r: Z)dr, 4.8)
R

where the function r - §; : A, — R is given by

[r-821(x) = r.8.(x) hence [W(r-82)](x) =exp |:i Zrzq{| , (4.9)

€Z zeZ

as required.
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(vii) There exist numbers C3 > 0 and w3 > 0 such that given any points x,y € Ay, the
bound

> f r|-|[VV(r; 2)| dr < C3 F,y (d(x, y)) . (4.10)
ZCAyL RZ
x,yeZ

Here the vector-valued function VV (; Z) : RZ — CZ has components d,V (-; Z) for
each z € Z. The number |r|, corresponding to some r € R, is taken as |r| = D ezl
but, as is seen in the proof below, any norm on R? satisfying |r.| < ||r| will suffice.
As will become apparent below, we interpret the function F,,, in assumption (vii) as
our crucial estimate on the range of the interactions.

‘We now state our most general result.

Theorem 8 Let X and Y be finite subsets of 7' and take Ly > 1 to be the smallest integer
suchthat X,Y C Ar,. Forany L > Lo and t € R, let aF denote the dynamics corresponding
to the anharmonic Hamiltonian HAL in (4.3), and suppose that the perturbation satisfies
assumptions (1)—(vii) listed above. Then, for each € > 0 and any functions f,g: Ay, — C
with the support of f in X and the support of g in Y,

{er W, W@} < Clflsoliglloce®™ Y Fuydix, ) (4.11)

xeX,yeY
holds for any t € R. Here
(uz+e)
C=(+core 7" +c))sup[(1+9)"e] (4.12)
5>0
and
§=58(e)=(us +€)vi(ps +€)+CC3Co, (4.13)

where vy, is as in (2.30), C, is in (2.47), and Cs is in (4.10).

One important difference between the bound we prove in Theorem 8§ above, in contrast
to the one proven in Theorem 7, is that the spatial decay rate in (4.11) can be no greater than
the rate w3 appearing in (4.10). If us > 0, then there is a corresponding velocity for this
anharmonic system

CC3C5
M3 '

Van(€) = (1 + i) vy (s +€) + 4.14)
Mu3

Since the case of u3 = 0 represents only polynomial decay in the interaction range, as mea-
sured by (4.10), the bound in (4.11) at most decays polynomially in distance between the
supports of f and g as well.

Example 1 To clarify the general assumptions on the perturbation introduced above, we
will consider a simple model with pair interactions generated by a single function. One
can compare this example with the on-site, anharmonic Hamiltonian analyzed in Sect. 3.
Let V : R > R be given and fix some number p > 0. For each L > 1 and any Z C A,
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define
F,(d(z, V() ifZ={z,z},
V(:Z)= w(dz1, )V () i .{21 22} @.15)
0 otherwise,
and thereby, the anharmonic Hamiltonian
HU=HM 4+ 3" Vi), (4.16)

21,22€AL

with Vi, 1 (X) = F, (d(z1,22)) - V(qz,,4,)- As one can easily check, the basic assump-
tions (i)—(iv) follow if V' has well-defined, second order partial derivatives and there exist
numbers C;, C;, and C, such that

max |9,V (v, )| = €y (J] +1y] + €, “.17)
and
max_[9;9;V (x,y)| < Cs. (4.18)
i,je{l,2}

If both first order partial derivatives of V are integrable and satisfy the Fourier inversion
formula, then the condition (vii) is satisfied when

/R/R(IXI + 1D (|8V @, )|+ [V (x, p)|) dxdy < 0. (4.19)

Thus, under the above conditions, the model described by (4.16) satisfies the assumptions
of Theorem 8, and hence the corresponding locality result (4.11) is valid.

Proof of Theorem 8 Much of the argument in the proof of Theorem 7 also applies here.
Again, we fix L, regard both Hamiltonians on the same volume, drop the dependence of
each of the dynamics on L, and interpolate. Let # > 0 and set

D, (s) = {a (o (W(F))). W(g)} (4.20)
for 0 < s <t. The calculation

d
T (W () = > ({af (W), Vz})

ZCAL

=—i Y Y Im[fies @], (W(fiey)) @, (0:Vz) . (421)

ZCAp zeZ

follows readily, and therefore, we derive a differential equation analogous to (3.12); namely

d ~ -
aibz () =1L (5)D:(s) + Qi (s), (4.22)
where

Lis)y= =Y > Im[fi ()] (@ V2),

ZCAp zeZ

Oi()=—i Y > Im[fis(@]e (@ (W) {e(@:-V2), W(2)}.

ZCAp zeZ

(4.23)
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Arguing as before, we arrive at the bound

et WD, W o = [{ W), W)}
Yy / [t [ i (]| ety 8- V2), W ()}l s,
0

ZCAp zeZ

(4.24)

Inserting (4.8) into (4.24) and using the harmonic bounds from Corollary 1 with u = w3,
we find that

et (W), W)}l
<Clflligloce™ Y Fudx,y)

xeX,yeY

+Clflloe D DY Fuy(d(x,2)

ZCAp zeZ xeX
t
% / UG / 0.V (r; Z)| ” {a, W(r-82)), W(g)} ”Oodr ds, (4.25)
0 RZ

with C as in (4.12), and we have set © = (u3 + €)v, (us3 + €) for notational convenience.
After iterating (4.25) m > 1 times, we find that

Hete (W), Wl < C Ul flloo lIgllooe™ Y > an(x, y:8) + Ruia (1), (4.26)

xeX,yeY n=0
where

do(x, y;1) = Fu,(d(x, y), (4.27)

ax,y;n=Ct Y /R I+ 8zlloc 132, V (5 Z)] dr Fyuy (d(x, 21)) Fyy (d(22, )

ZCAL 21,22€Z

<Ct Y Fu@.2)) Fuy G y) Y fRz""'ﬁ(”Z”d’

21,22€AL ZCALZ
21,22€

< CGCst Z Fluy (d(x,21)) Fuy (d(21,22)) Fuy (d(22,5))

21,22€AL

< CC3ClHtF,, (d(x,Y)). (4.28)
and in general,

an(x, y;t)

=D M S 3

n!
Z\,Zy,....2nCAL 21,1,21,20€Z1 22,1,22,2€Z)

x 3 H/Z_ I <87, o 02, V 2 2| dr;
j=17R

Zn,1,2n,2€Zn
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Fuy (d(x,210) - Fuy (d (212, 22.1)) -+ Fpuy (d(zn2. )

(C[)”
= Z Z Z Fuy (d(x,z1,0))
21,1,212€AL 22,1,222€AL In,1:2n2€AL
X FM3 (d(Z1»27 ZZ,I)) T F/L3 (d(zn,Zy y))

xl_[ > / il - IVV(rj; Z)l dr;

j=1 Z;jcAp
lezjzez

CC n
< (CCs1) Z Fuy (d(x,z10)) - Fyy (d(Z1 1,21 2))

n!

21,1,21,2:22,1,22,25+-:2n,1,Zn,2€ AL

Fuy (dz12,22.1)) + Fuy (d (202, y))
CC3C2r)y
< COO e, (4.29)

for any 1 <n < m. As before, with ¢ > 0 fixed, the remainder term k,n+1(t) converges to
zero as m — 00. Thus we have proven (4.11) as claimed. O

5 A Priori Solution Estimates

In this section, we will prove a variety of a priori estimates which will be useful in our proofs
of the main results. The underlying argument which facilitates most of the lemmas below is
the well-known Gronwall inequality. We state and prove a version of this estimate which is
tailored to the present work. A more general bound of this type appears, e.g. in [1].

Lemma 3 (Gronwall Inequality) Let u : R — C satisfy

|u ()] Ea(l)+/ (. s)|u(s)lds (5.1

forall tin [a, b]. If « is non-negative and non-decreasing and f is non-negative and con-
tinuous with f (-, s) nondecreasing for each fixed s € [a, b], then

t
lu(®)| < a(r) exp (/ f(t,S)dS) (5.2)
a
foralltin|[a,b].
Proof We prove (5.2) pointwise. Let 7y € [a, b] and observe that
t
lu(2)| Ea(to)+/ S to,8) lu(s)lds, (5.3)
holds for all 7 € [a, fy]. Define

m(t)=ot(to)+/ J (o, $)|u(s)|ds. (5.4)
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Clearly, |u(t)| < m(t) and the bound

m'(t) = f(to, ) [u(®)| < f(to, Hm (1), (5.5

readily implies
lu()] < m(t) <m(0)exp (/tf(foJ)dS>, (5.6)
for any ¢ € [a, ty]. Taking ¢t = fy, we have proven (5.2). ]

The applications we have in mind concern bounding the solutions of our Hamiltonian
flows. Recall that our general, finite volume, multi-site Hamiltonian, HAt : X ., — R,isof
the form

H = H'" + " vy, (5.7

ZCAL

and we need a variety of assumptions on the perturbations V to prove our estimates.

We begin with a basic proof of boundedness for the flow @, : X4, — &4, corresponding
to (5.7). As is demonstrated in [9], boundedness follows if the perturbation is dominated by
the harmonic part. For the sake of completeness, we include this argument here.

We assume the perturbation in (5.7) above satisfies: There exist numbers C; > 0, c 1 >0,
and ©; > 0 such that

2

D1Vl <€ Y@+ C)Fy, d(x,y), (5.8)

ZCAL yeAL

foreach x € Ay and any x € Xy, .

Lemma 4 Fix L > 1 and let @, denote the flow corresponding to the Hamiltonian H4! de-
fined in (5.7) above. If the perturbation satisfies (5.8) described above, then for any X € Xy,
the components of the flow @,(x) = {(q(t), px(t))}xea, satisfy

sup max (g (1)1, |px()]) < Ky exp(Ka 1), (5.9)
X€EA]
where
Ky =Ki(x) = \/ sup (p2(0) +2(0) + G ) (5.10)
xeAp
and
K2:w2+2ix—1 +4ix-+1+QZF (d(0, x)) (5.11)
pr J = J 2 2 = 3 ’ . .

Proof Fix L > 1,take x € Ay, and choose x € X4, . Consider the function defined by setting
E(t) = p}(1) + 42 (1) + C, (5.12)
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where C; > 0 is the number appearing in (5.8). From Hamilton’s equations, we have that

E (1) = 2p. (1) pr (1) + 24 ()G (1)

=4[ +2) A = 1] pe® @@ +4p) Y 1j (Grte; (1) + Grme; (1))

j=1 j=1
—2p.() Y [, V] (P (x)). (5.13)
ZCAp
and therefore,
E (t)| Z A yE, (1) = (AE@)), (5.14)
YEAL

where the [A;| X |Ar| matrix A = (A, ,) is given by

200’ +2Y 0 A =1 +4Y 0 A +1+C F,(0) ify=x,
Axy=12x;+Ci Fy (1) ify=x=+e;, (515
F, d(x,y)) otherwise,

and (AE(2)), is the x-th component of this vector. Denote by E the vector-valued function
whose components are E, and equip R4z! with the sup-norm || - ||o. With (5.14) it is clear
that

IE®|, <IAE®Il - (5.16)

and therefore,

t t
IEO e < I1EO)s +/ |E®)|., ds <IE©O)] +/ IAE(s)]lo ds. (5.17)
0 0
Letting u(¢) = || E()|| 0o, Lemma 3 implies

max (Ig: (), [p (1)) < HE®) s < IE©0) | exp (1Alloo 1) , (5.18)

from which (5.9) is clear. O

As will become clear in the proof of Lemma 6 below, the main quantities of interest for
us are the derivatives of the components of the flow with respect to the initial conditions. The
next lemma provides explicit estimates on these functions. To prove it we need the following
additional assumption on our perturbation. Assume there exists constants C; > 0 and p, >0
for which: given any L > 1 and any pair x, y € Ay, the bound

> [0:0, V2] (0] < CrF, (d . y)). (5.19)

ZCAL

holds for all points x € Xy, .

Lemma 5 Fix L > 1 and let ®, denote the flow corresponding to the Hamiltonian H*:
defined in (5.7) above. If the perturbation satisfies (5.8) and (5.19), then for any x € X4, the
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components of the flow @,(x) = {(qx(t), px(t))}reca, satisfy

9g, (1) | | 9gx (1) 2
xilg)u max (‘ 99,(0) , ‘apy(O) ) < max(1,2t)exp(K t7), (5.20)
and

sup max (‘ apx (t)
x,yeAL 3%(0) '

‘ dpx (1)
opy )

)51+z K +2% a; | max(l, 20 exp(K 1), (5.21)

where

K =20? +82A +C, Z ,(d(0,x)). (5.22)

xXeAL

Proof We begin with a proof of (5.20). Using Hamilton’s equations, we find that
t N
0000 -20p.0 =2 [ [ paras
0 Jo

=4lw +22A f(z—s)qx(s)ds

j=1

+4Zx /(z—s> Qrve; () + Gue; (5)) ds

-2 / (t — $)[0: V21(®,(x)) ds (5.23)

ZCAp

and therefore

9g.(1) 0.
gy =h =4 o +2Zx /(r— S

- ’ Aqre;(5) e, (5)
4% X — ! J d
+ ; ]fo (1 s)( 500+ 50,0 ) s

0q;
2y ¥ f (t — ) [0:0, V2] (@,(x)) - =L ©) 4. (5.24)

€A ZCAL 99,(0)

More succinctly, we have found that

9. (1)
’aq,,(m < x<y)+Z/<r $)Aq.:

ZeAL

9q.(s)
CIy (V)

(5.25)
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where the AL | x | AL | matrix A = (A, ;) has entries

4(a)2+22'f= Aj)+2CF,,(0) ifz=x,
Ay:=14r; +2C,F,, (1) ifz=x+ej, (5.26)
2C,F,,(d(x,z)) otherwise.

If, for each fixed y € A;, we denote by d,q : R — RIL! the vector-valued function

whose components are given by I% |, then (5.25) implies

loya] <1 +f (t —s) | Adyg(s) |, ds. (5.27)
0

Again letting u(t) = [|0yq (¢)|l, Lemma 3 yields the estimate

2
loyq®] ., <exp ( ”A”;t ) : (5.28)

Quite similarly, the bound

Bq (s)
3¢, (0)

‘ 9q.(1) ds, (5.29)

op,(0) |~

<215, (y)+2/(z ) A

follows from (5.23) with the same matrix A. This proves (5.20).
The bound for p, (¢) follows from (5.20). In fact, it is easy to see that

pe) = p© =2 ?+2) 2, /quds
0

j=1

+ZZA / (qxse; () F Game, () ds = Y / [0, V2] (@, (x) ds. (5.30)

ZCAL

Using (5.20), (5.21) readily follows. O

Lemma 6 Let X,Y C Z" be finite sets and take Ly > 1 large enough so that X,Y C Ay,.
For any L > Ly and t € R, denote by ol the dynamics corresponding to (5.7). If the
perturbation satisfies (5.8) and (5.19), then there exist positive numbers K, and K,
both independent of L, for which: given any functions f : X — C and g : Y — C, the
bound

el W) W@, < K IXHY T llc 18 lloe exp(K2 1), (5.31)

holds for all t € R.

Proof We first fix L > L as in the statement of the lemma and prove the estimate on A, . In
this case, we suppress the dependence of most quantities on L to ease notation. Now, recall
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that for any fixed point x,

0
[l (W), W] () =) — 3 [ (W(N] ) - [W(g)] x)

yeap 1Y

- Z at(W(f))] x) - [W(g)] ). (5.3

>€AL v

Since

FEn [(W(©®]® =ilm[g(»] [W()]x) and
’ (5.33)
9. [W(@)] ) =iRe[g(»] [W(@)] X,
y
the sums in (5.32) above are only over those y in the support of g. The derivative of the
time-evolved quantities may also be calculated, e.g.,

8qx (t) apx (1)

Im[f(x)]- [ W (N] ).

(5.34)
Clearly, the sum in (5.34) is only over those x in the support of f, and a similar formula
holds for the derivative with respect to p,. Thus,

[at(W(f))](X)—t Y Re[f)]-

xeAL

e (W(), W] x|

Agx ()| |9px(D) ] |9gx(®) | |3px(®)
<4l gl Y max(’ ) ' 5 . 5 :
xeX,yeY qy qy Py Dy
Using Lemma 5, (5.31) immediately follows. ]
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